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ABSTRACT
This paper studies the effect of the moduli number within a moduli set on the overall speed of the residue number system (RNS).
Choosing a proper moduli set greatly affects the performance of the whole system. The widely known issue is that as the
number of moduli increases the speed of the residue arithmetic units (RAUs) increases, whereas the residue-to-binary converters
(RCs) become slower and more complex. Thus, we carried out a detailed study on different moduli sets with different moduli
number and different dynamic ranges (DRs) and compared timing performance of systems based on them in order to determine
the moduli number effect on the overall RNS timing performance and find out the most efficient set for each DR.
Keywords: Residue number system, moduli set, dynamic range, reverse converters, residue arithmetic units

1. INTRODUCTION
The carry-free, parallelism, high-speed and security
features of the residue number system (RNS) have made it
very attractive to be used in digital signal applications (DSPs).
The RNS divides the required computations into a number of
parallel faster ones according to the number of moduli. These
channels are totally independent and perform high-speed
computations on smaller residues [1], [2]. This system has
been intensively used in applications where addition,
subtraction and multiplication are dominant, such as, digital
filters, digital communications, discrete Fourier transform
(DFT), image processing, and video coding [1], [2], [3].
However, the RNS could not be widely implemented in
general-purpose processors, since operations as division, sign
detection, magnitude comparison and overflow detection are
problematic, and can negatively influence the overall
performance of the design. Many solutions for these
problematic operations were suggested. Most of them mainly
depend on the residue-to-binary converter (reverse converter
(RC)). This component represents the main over-head in the
whole RNS. On the other hand, choosing a proper moduli set
is another essential issue for building an efficient RNS with a
sufficient dynamic range (DR). The most famous moduli set is
{2n – 1, 2n, 2n + 1} [4]. This set has been known as a means of
simplifying the calculations necessary to implement the RC.
However, this set has modulo (2n + 1) channel that represents
the bottleneck of the system. Its arithmetic circuits suffer from
the longest delay among all three channels. In general,
arithmetic circuits modulo (2k – 1) are more efficient than
those modulo (2k + 1), therefore, it is better to reduce the
number of moduli of the form (2k + 1) [3]. Thus, in order to
simplify the complexity caused by modulo (2n + 1) in the set
{2n – 1, 2n, 2n + 1} [4], new moduli sets {2n–1 – 1, 2n – 1, 2n}
[5] and {2n – 1, 2n, 2n+1 – 1} [6], that substitute this modulo
with another of the form (2k – 1), were suggested. These three
sets have a 3n-bit DR, which is sufficient for applications that
require medium DRs (less than 22-bits). However, many DSP
applications require larger DRs, therefore, new moduli sets
{2n – 1, 2n, 22n+1 – 1} [7] and {2n – 1, 2n + 1, 22n + 1} [8] that

provide 4n-bit DR and {2n, 22n – 1, 22n + 1} [9] that provides
5n-bit DR, were suggested.
Although the DR is larger, the delay of the residue
arithmetic units (RAUs) based on these sets has considerably
increased, due to utilizing moduli with greater magnitudes. In
order to eliminate this drawback and maintain the large DR,
sets of four and five moduli have been suggested, such as {2n
– 1, 2n, 2n + 1, 2n+1 – 1} [10-I], {2n – 1, 2n, 2n + 1, 2n+1 + 1}
[10-II], {2n/2 – 1, 2n/2 + 1, 2n + 1, 22n+1 – 1} [20],{2n – 1, 2n, 2n
+ 1, 22n + 1} [11], {2n – 1, 2n, 2n + 1, 22n+1 – 1} [12-I], {2n – 1,
2n, 2n + 1, 2n – 2(n+1)/2 + 1, 2n + 2(n+1)/2 + 1} [13], {2n – 1, 2n +
1, 22n – 2, 22n+1 – 3} [14], {2n – 1, 22n, 2n + 1, 22n + 1} [12-II],
{2n – 1, 2n, 2n + 1, 2n–1 – 1, 2n+1 + 1} [15], {2n, 2n/2 – 1, 2n/2 +
1, 2n + 1, 22n–1 – 1} [16], {2n + 1, 2n – 1, 22n, 22n+1 – 1} [21]
and {22n+1, 22n + 1, 2n + 1, 2n – 1} [22]. Each of these sets has
its own advantages and disadvantages. Some of them offer
higher DRs than others, while others have more parallelism.
Some can result in more efficient RCs, while others in more
efficient RAUs. However, the main concentration of
publications that introduce these sets is on the RCs. Moreover,
each of them compares its proposed set with other two or
three. Thus, we have observed a lack to a detailed comparative
study that fairly compares these sets, in terms of the DR,
number of moduli, time and hardware requirements for
implementing RCs and RAUs based on them. Consequently,
we have decided to do this research, deeply study each of
these sets, evaluate and compare as fair as possible their RCs
and RAUs. The studied moduli sets are classified based on the
DR they provide (3n, 4n, 5n and 6n).
The effect of moduli number on the overall system’s
timing performance is a well-known fact. More moduli lead to
more parallelism, which theoretically means faster
computations within the independent RAUs. However, this
advantage transforms into a disadvantage regarding designing
the RCs. Thus, the second part of our research was dedicated
for studying the relation between the moduli number and the
overall system timing performance. According to the RAUs
and RCs, time and hardware requirements are computed in
Sections 4, 5, 6 and 7, we estimated the most efficient and
inefficient moduli sets for three DRs (medium, large and very
large). For the sake of a fair comparison, we have adopted the
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unit gate model [17]. Furthermore, we have used same basic
blocks among all designs (e.g. adders and multipliers).
The rest of this paper is organized as follows; a brief
overview of RNS is presented in Section 2. The basic blocks
that were used during our study and comparisons, in addition
to their time and hardware requirements, are illustrated in
Section 3. Sections 4, 5, 6 and 7 present the time and hardware
requirements for implementing the modular adders, modular
multipliers and RCs based on each of the studied moduli sets
for DR = 3n, 4n, 5n and 6n, respectively. Section 8
demonstrates a comparison between all studied sets for three
precise DRs, 12 bits (medium DR), 24 bits (large DR) and 60
bits (very large DR). This section compares the timing
performance of all components in systems based on the
moduli sets under study. Finally, the conclusions and future
work are drawn in Section 9.

2. RNS OVERVIEW
The RNS is defined by a set of positive pairwise
relatively prime numbers {m1, m2,…, mn} called moduli. The
dynamic range (DR) is defined as M = m1 × m2 × … × mn. In
this system, any integer X in the range [0, M – 1] can be
uniquely represented by an ordered set of residues (x1, x2,…,
xn). Each residue xi is represented by,
xi  X mod mi  X

mi

; 0  xi  mi

(1)

In this system, arithmetic operations (addition,
subtraction and multiplication) are performed totally in
parallel on those totally independent residues.
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A residue number (x1, x2,…, xn) can be converted
back into its weighted equivalent, by using one of the residueto-binary conversion algorithms (reverse conversion
algorithms), such as, the Chinese Reminder Theorem (CRT),
the Mixed-Radix Conversion (MRC), the new CRT-I, the new
CRT-II, etc. [1], [2].
The CRT can be implemented in parallel. However, it
needs a large modular adder, which can be very difficult for
hardware implementation. According to the CRT, a weighted
number X can be calculated from its residues (x1, x2,…, xn) by
the following equation,

X

n

 xi Ni m M i
i 1
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M
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denotes the multiplicative inverse of Mi modulo mi.

The MRC does not need any modular adder, but it is a
sequential algorithm, which makes it not suitable for systems
with more than four moduli within the set. By using the MRC,

a residue number (x1, x2,…, xn) can be converted back into its
weighted equivalent X by,
n 1
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The new CRT-I is a modification of the original CRT,
where the size of the final modular adder is reduced. By using
this algorithm, a residue number (x1, x2,…, xn) can be converted
back into its weighted equivalent X by,
X  x1  m 1
Where,

k1 ( x2  x1 )  k2 m2 ( x3  x2 )   
 kn 1m2 m3  mn 1 ( xn  xn 1 )

k1  m1

m2 m3 mn
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As can be noticed in equation 5, the final modular
adder is reduced by one modulo. This can bring a great benefit
when the first modulo is of the 2k form, and the multiplication
of the rest moduli is of the (2k – 1) form.
The new CRT-II even further reduces the size of the final
modular adder. A residue number (x1, x2,…, xn) can be
converted back into its weighted equivalent X by the new CRTII by,
X  Z  m1m2 k1 (Y  Z )

m3 m4

Z  x1  m1 k2 ( x2  x1 )

m2

Y  x3  m3 k3 ( x4  x3 )

m4

Where,
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m3 m4

 1, k2 m1

(6)

m2
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3. CONSIDERATIONS AND BASIS OF THE
COMPARISONS
The comparison between moduli sets has been done
based on time and hardware requirements for implementing
the RCs and RAUs. For the sake of a fair comparison, the unit
gate model has been used [17].
Before beginning, the considerations that have been
taken into account must be listed. In order to make the
comparison process universal, cost effective and high-speed
designs were not considered. That is the reason why some
time and area values are different from those in the original
publications. The time and area requirements (referred to as
‘T’ and ‘A’) for each of the following components are as
follows, gates and multiplexers: the time and area
requirements for an inverter (NOT gate) were ignored. Each 2input monotonic gate (AND, OR, NAND, NOR): TAND = 1,
AAND = 1. Each 2-input XOR, XNOR gate: TXOR = 2, AXOR =
2. A 2:1 multiplexer: TMUX = 2, AMUX = 3.
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Fig. 1: Structures of the utilized modular adders
(a) General modular adder.
(b) Modulo (2n – 1) adder.
(c) Modulo (2n + 1) adder.

Binary adders: A half adder (HA): THA = 2, AHA = 3.
A full adder (FA): TFA = 4, AFA = 7. Any binary adder was
considered as a carry propagate adder for n-bit (CPA). A CPA
with end-around carry (CPA-EAC) has a delay twice that of a
regular CPA, and the same area. The structures of the used
modular adders are shown in Fig. 1. The structure of the
utilized general modular adder consists of two (n-bit) CPAs,
an OR gate and a 2:1 multiplexer of n-bit [3]. The (2n – 1)
modular adder (1st complement adder) is considered as a CPAEAC [2]. The used (2n + 1) modular adder is the one based on
the series method reported in [18], which consists of two
binary adders of (n+1)-bit, an OR gate and a 2:1 multiplexer
of (n+1) bit. The structure of this adder is very similar to that
of the general modular adder. However, we have used it, due
to its wide utilization and simplicity.
Binary multipliers: The used binary multiplier for nbit is an array multiplier [2]. The structures of the utilized
modular multipliers are shown in Fig. 2. The utilized general
modular multiplier is the partitioned-operand modulo-m
multiplier, which is constructed based on the productpartitioning method presented in [2]. The utilized modular
multipliers are based on those reported in [19]. Therefore,
modulo (2n – 1) multiplier consists of a binary multiplier of nbit and modulo (2n – 1) adder. The utilized modulo (2n + 1)
multiplier consists of a binary multiplier of (n+1) bit and
modulo (2n + 1) subtractor.

The delay and complexity of circular shifting or bits
rearrangement was ignored, since it is just a rearrangement of
wires, which does not virtually present any additional delay or
hardware cost. The last issue to be observed is that the
computed delay in the following tables represents the delay of
the critical channel (modulo), whereas the hardware
requirements (complexity) are those for all channels together.
The values of the least delays and hardware requirements are
bold and underlined in order to highlight them.

4. MODULI SETS WITH 3N DYNAMIC
RANGE
The first category of the studied moduli sets is the
one that provides a DR of 3n-bits. The three sets that have
been investigated are, {2n – 1, 2n, 2n + 1} [4], {2n–1 – 1, 2n – 1,
2n} [5] and {2n – 1, 2n, 2n+1 – 1} [6]. They provide the
following DRs, (3n), (3n – 1), and (3n + 1), respectively.
However, we have considered that these sets belong to the 3nDR category. The most famous and widely used moduli set is
the one introduced in [4]. Nevertheless, as aforementioned
before, modulo (2n + 1) represents a bottleneck to the whole
system. In order to get rid of the complexities resulted from
using this modulo, the authors of [5] and [6] substituted it with
another modulo of (2k – 1) form.

Fig. 2: Structures of the utilized modular multipliers
(a) General modular multiplier. (b) Modulo (2n – 1) multiplier. (c) Modulo (2n + 1) multiplier. Where, U and L are the upper and lower n bits of the product
(X × Y), respectively, (a) c  2n

m

and L < m. (c) modulo (2n + 1) subtracts (L – U).

Table 1: Comparison between reverse converters, modular adders and modular multipliers for systems based on sets that provide DR = 3n

87

Vol. 4.Special Issue ICCSII

ISSN 2079-8407

Journal of Emerging Trends in Computing and Information Sciences
©2009-2013 CIS Journal. All rights reserved.
http://www.cisjournal.org

n odd/
mod #
even

RC
Complexity

Modular Adders
Delay
Complexity

Critical
Channel

Modular Multipliers
Delay
Complexity

Moduli Set

DR

{2n – 1, 2n, 2n + 1} [4]

3n

any

3

16n + 8

31n + 13

(2n + 1)

8n + 11

38n + 18

16n + 12

24n2 + 7n + 15

{2n–1 – 1, 2n – 1, 2n} [5]

3n–1

any

3

24n – 2

54n – 45

(2n – 1)

8n

21n – 7

16n – 7

24n2 – 35n + 12

8n + 8

21n + 7

16n + 9

24n2 – 27n + 4

n

n

{2 – 1, 2 , 2

n+1

– 1} [6]

3n+1

any

Delay

3

8n + 30

110n + 159

(2

Table 1 details each of these sets, its DR, possible n
values that can be used in this set, the number of its moduli,
the critical channel that presents the longest delay, time and
hardware requirements for implementing RCs, modular adders
and modular multipliers.

a. Reverse Converters
Both RCs based on the sets [4] and [5] are based on
the CRT. Whereas in [6], three architectures of the RC were
proposed, they depend on MRC, CRT and CRT with ROM.
During our research and comparisons, we have chosen the
second architecture that is based on the CRT. The computed
delay in [5] is different from the reported one, due to the
reason that it was calculated based on the aforementioned
considerations, (e.g. the carry look-ahead adder (CLA) was
replaced by a CPA).
According to our study, the fastest converter was [6] (for
n ≥ 3), whereas [4] was the one with the least cost (for n ≥ 3).
However, considering the balanced strategy, the RC based on
[4] is the most efficient one.

b. Residue Arithmetic Units
The RAU includes modular adders, subtractors and
multipliers. Since a subtractor can be constructed by an adder
and a few inverters, we have decided to compare just adders
and multipliers. The critical channels of the studied sets are
(2n + 1), (2n – 1) and (2n+1 – 1) in [4], [5] and [6], respectively.
As shown in table 1, the superiority of the adders and
multipliers based on the set in [5] is clear. According to this
table, the critical channel among all sets is (2n + 1); both
arithmetic components based on the set [4] have the longest
delay. However, this channel makes the RC simpler. As
mentioned above, the RC based on the set [4] is the most
efficient one.

n+1

– 1)

5. MODULI SETS WITH 4N DYNAMIC
RANGE
In this section, we have investigated five sets; the
three-moduli sets {2n – 1, 2n, 22n+1 – 1} [7] and {2n – 1, 2n + 1,
22n + 1} [8], and the four-moduli sets {2n – 1, 2n, 2n + 1, 2n+1 –
1}, {2n – 1, 2n, 2n + 1, 2n+1 + 1} [10] and {2n/2 – 1, 2n/2 + 1, 2n
+ 1, 22n+1 – 1} [20]. For simplicity, we have denoted {2n – 1,
2n, 2n + 1, 2n+1 – 1} as [10-I] and {2n – 1, 2n, 2n + 1, 2n+1 + 1}
as [10-II]. [10-I] and [20] can only be used with even values
of n, whereas, [10-II] can only be used with odd ones. This
presents a kind of limitation for using such sets. All these sets
have (4n + 1) DRs, except [8] that has 4n DR. Table 2 details
each of these sets, its DR, possible n values that can be used in
this set, the number of its moduli, the critical channel that
presents the longest delay, time and hardware requirements for
implementing RCs, modular adders and modular multipliers.

a. Reverse Converters
The RC based on the set [7] depends on the MRC.
Whereas, the one based on the set [8] depends on the new
CRT-I. The RCs based on the sets [10-I] and [10-II] have
combinatorial architectures. Each of them is partitioned into
two new parts. The first part is converted by using the RC
based on the set {2n – 1, 2n, 2n + 1}. Then the final binary
equivalent is calculated from the result of the first part and the
fourth residue by using the MRC. The four-moduli set [20]
depends on the new CRT-I. As shown in table 2, the RC based
on the three-moduli set [8] has the least delay and complexity.
The reason of this superiority is obvious, the final modular
adder is of (2k – 1) form. The second best set regarding the RC
is [20]. According to [20], the moduli within this set have
simple multiplicative inverses. This considerably reduces the
complexity of the RC, which is obvious in table 2. On the
other hand, the delay and complexity of the RCs, based on
both four-moduli sets [10-I] and [10-II], are the greatest.

Table 2: Comparison between reverse converters, modular adders and modular multipliers for systems based on sets that provide DR = 4n

Moduli Set
n

n

{2 – 1, 2 , 2
n

n

2n+1

– 1} [7]

2n

DR
4n+1

n odd/
mod #
even
any

3

RC
Delay
40n + 20

Complexity
69n + 20

Critical
Channel
(2

2n+1

– 1)

2n

Modular Adders

Modular Multipliers

Delay

Complexity

Delay

Complexity

16n+ 8

38n + 25

32n + 9

48n2 + 9n + 4

{2 – 1, 2 + 1, 2 + 1} [8]

4n

any

3

32n + 8

62n + 8

(2 + 1)

16n + 11

58n + 36

32n + 12

48n2 + 62n + 15

{2n – 1, 2n, 2n + 1, 2n+1 – 1}
[10-I]

4n+1

even

4

46n + 28

15n + 5 + 7/2(n2 –
3n – 4)

(2n + 1)

8n + 11

45n + 25

16n + 12

32n2 + 19n + 19

{2n – 1, 2n, 2n + 1, 2n+1 + 1}
[10-II]

4n+1

odd

4

48n + 62

7n2 + 102n + 108

(2n+1 + 1)

8n + 19

55n + 53

16n + 28

32n2 + 45n +60

{2n/2 – 1, 2n/2 + 1, 2n + 1,
22n+1 – 1} [20]

4n+1

even

4

32n + 37

68n + 37

(22n+1 – 1)

16n + 8

43n + 43

32n + 9

44n2 + 59n + 34
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Table 3: Comparison between reverse converters, modular adders and modular multipliers for systems based on sets that provide DR = 5n

Moduli Set
n

2n

2n

DR

n odd/
mod #
even

RC
Delay

Critical
Channel

Complexity

Modular Multipliers

Delay

Complexity

Delay

Complexity

5n

even

3

32n + 4

44n + 8

(2 + 1)

16n + 11

55n + 18

32n + 12

72n2 + 25n + 15

5n

any

4

32n + 12

95n + 39

(22n + 1)

16n + 11

72n + 36

32n + 12

56n2 + 51n + 30

5n+1

any

4

48n + 20

74n + 14

(22n+1 – 1)

16n + 8

52n + 25

32n + 9

56n2 + 31n + 19

{2n – 1, 2n, 2n + 1, 2n – 2(n+1)/2
+ 1, 2n + 2(n+1)/2 + 1} [13]

5n

odd

5

32n + 20

184n – 9

(2n + 2(n+1)/2
+ 1)

8n + 11

72n + 37

24n + 13

56n2 + 29n + 28

{2n – 1, 2n, 2n + 1, 2n–1 – 1, 2n+1
+ 1} [15]

5n

even

5

72n + 4l +
28

7×(5n2 + 43n +
m)/6 + 112n – 7

(2n+1 + 1)

8n + 19

62n + 36

16n + 28

40n2 + 25n + 72

{2n, 2n/2 – 1, 2n/2 + 1,
2n + 1, 22n–1 – 1} [16]

5n–1

even

5

52n + 4

97n + 11

(22n–1 – 1)

16n – 8

50n + 29

32n – 23

52n2 – 20n + 42

{2 , 2 – 1, 2 + 1} [9]
{2n – 1, 2n, 2n + 1, 22n + 1}
[11]
{2n – 1, 2n, 2n + 1, 22n+1 – 1}
[12-I]

b. Residue Arithmetic Units
Since [10-I] has the critical channel with the least
magnitude, its RAUs are the fastest. In addition, the
multiplier based on this set has the least area requirements.
However, the least cost adder is the one based on the threemoduli set [7]. On the other hand, using four moduli in [20]
did not help in speeding up the RAUs, since the magnitude of
the critical modulo is greater than those of other sets.
According to our results, using two small moduli of the form
(2n/2 ± 1) has not benefit the system, since the magnitude of
the critical channel remains big.

6. MODULI SETS WITH 5N DYNAMIC
RANGE
In this section, we have investigated six sets; the
three-moduli set {2n, 22n – 1, 22n + 1} [9], the four-moduli sets
{2n – 1, 2n, 2n + 1, 22n + 1} [11] and {2n – 1, 2n, 2n + 1, 22n+1 –
1} [12-I], and the five moduli sets {2n – 1, 2n, 2n + 1, 2n –
2(n+1)/2 + 1, 2n + 2(n+1)/2 + 1} [13] , {2n – 1, 2n, 2n + 1, 2n–1 – 1,
2n+1 + 1} [15] and {2n, 2n/2 – 1, 2n/2 + 1, 2n + 1, 22n–1 – 1} [16].
The sets [9], [15] and [16] can only be used with even values
of n, whereas, [13] can only be used with odd ones. Each of
the sets [9], [11], [13] and [15] provides 5n DR, whereas [12I] and [16] provide (5n + 1) and (5n – 1) DRs, respectively.
Table 3 details each of these sets, its DR, possible n
values that can be used in this set, the number of its moduli,
the critical channel that presents the longest delay, time and
hardware requirements for implementing RCs, modular adders
and modular multipliers.

a. Reverse Converters
The RC based on the set [9] depends on the CRT.
This RC has a very simple and efficient structure consisting of
a (4n-bit) CSA-EAC and modulo (24n – 1) adder. The set [11]
depends on the new CRT-I. In case of combining its first and
third moduli, we get the set [9]. However, the RC based on
[11] has greater delay and complexity than that of [9]. The RC
based on the set [12-I] depends on the new CRT-II. The
memory-less RC based on the set [13] depends on the CRT.
The set [15] is partitioned into two new parts. The first part is
converted by using the RC based on {2n – 1, 2n, 2n + 1, 2n+1 –
1}. Then, the final binary equivalent is calculated from the

2n

Modular Adders

result of the first part and the fifth residue (modulo (2n+1 + 1))
by the MRC.
The delay and complexity of this RC do not only
depend on the value of n, but also on two more variables l and
m; where, l denotes the number of the levels of a CSA tree
with ((n/2) + 1) inputs, and m = n – 4, 9n – 12 or 5n – 8 for n
= 6k – 2, 6k or 6k + 2, respectively [15]. The set [16] is also
partitioned into two new parts, {2n(2n/2 – 1)(2n/2 + 1)(2n + 1),
22n–1 – 1}. The first part is converted by using the new CRT-I.
Then the result of the first part is combined with the fifth
residue by using the MRC. According to table 3, the most
efficient RC, in terms of delay and complexity, is the one
based on the three-moduli set [9]. Contrary, the most
inefficient RC is the one based on the five-moduli set [15].

b. Residue Arithmetic Units
As shown in table 3, the adder with the least delay is
the one based on [13]. At first glance, modulo (2n+1 + 1) adder
should have less delay than that of (2n + 2(n+1)/2 + 1), but it
does not for the following reasons, the structure of (2n+1 + 1)
adder depends on a (2k+1) adder, its length is (n+2) bits.
Whereas the structure of (2n + 2(n+1)/2 + 1) adder depends on a
general modular one, its length is (n+1) bits. Since the utilized
modulo (2k+1) adder has a similar structure as that of the
general modular one, as mentioned in section 3, thus, the
delay of (2n + 2(n+1)/2 + 1) adder is less than that of (2n+1 + 1).
In case of using another structure of (2k+1) adder during our
study, the delay of (2n + 2(n+1)/2 + 1) may be longer than that of
(2n+1 + 1), however, the area consumption will be different
too. The cost of the adder based on [13] is the greatest one.
The least cost adder is the one based on the five-moduli set
[16]. Concerning the multipliers, the one based on the fivemoduli set [15] was superior over the other ones. In contrast to
the general modular adders, general modular multipliers have
considerably longer delay than special modular ones.

7. MODULI SETS WITH 6N DYNAMIC
RANGE
In this section, we have investigated four sets, {2n –
1, 2 + 1, 22n – 2, 22n+1 – 3} [14], {2n – 1, 22n, 2n + 1, 22n + 1}
[12-II], {2n + 1, 2n – 1, 22n, 22n+1 – 1} [21] and {22n+1, 22n + 1,
2n + 1, 2n – 1} [22] that consist of four moduli.
n
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Table 4: Comparison between reverse converters, modular adders and modular multipliers for systems based on sets that provide DR = 6n

Moduli Set
n

n

2n

{2 – 1, 2 + 1, 2 – 2, 2
[14]

DR
2n+1

– 3}

n odd/
mod #
even

RC
Delay

Complexity

Critical
Channel

Modular Adders

Modular Multipliers

Delay

Complexity

Delay

Complexity

6n+1

any

4

56n + 39

188n + 57

(22n+1 – 3)

16n + 11

92n + 37

48n + 13

144n2 + 62n + 28

{2n – 1, 22n, 2n + 1, 22n + 1}
[12-II]

6n

any

4

32n + 12

88n + 24

(22n + 1)

16n + 11

72n + 19

28n + 12

80n2 + 40n + 30

{2n + 1, 2n – 1, 22n, 22n+1 – 1} [21]

6n+1

any

4

40n

98n + 7

(22n+1 – 1)

16n + 8

52n + 25

32n + 9

80n2 + 20n + 19

{22n+1, 22n + 1, 2n + 1, 2n – 1} [22]

6n+1

any

4

32n + 12

88n + 28

(22n + 1)

16n + 11

72n + 34

28n + 12

80n2 + 72n + 27

During our research we did not come across a moduli
set of more than four moduli that provides a DR of 6n-bits. All
these sets provide (6n + 1) DR, except [12-II] that provides 6n
DR. Table 4 details each of these sets, its DR, possible n
values that can be used in this set, the number of its moduli,
the critical channel that presents the longest delay, time and
hardware requirements for implementing RCs, modular adders
and modular multipliers.

a. Reverse Converters
The RC based on the set [14] depends on the new
CRT-II. According to [12], the authors of [14] used moduli
(22n – 2, 22n+1 – 3) in order to have simple multiplicative
inverses and get rid of the ROM tables and multiplications
required by the new CRT-II. However, the use of these two
moduli results in increasing the delay and complexity of the
RC. The RC based on the set [12-II] depends on the new
CRT-II. According to the authors, this set is referred to as a
conversion friendly set, which is evident in table 4. In [21], the
four-moduli set was partitioned into two new moduli subsets,
and the MRC was used for the conversion process. The RC in
[22] is based on the new CRT-I. As shown in table 4, the
fastest RCs are the ones based on [12-II] and [22]. Moreover,
the complexity of their RCs is very similar too. On the other
hand, the RC with the longest delay and largest complexity is
the one based on [14].

b. Residue Arithmetic Units
The critical modulo in the set [14] has almost the
greatest magnitude among all other sets and its arithmetic
circuits are general modular ones, therefore, their delay and

3-moduli sets

cost are the greatest. According to table 4, the fastest and the
least complex modular adder is [21]. The fastest multiplier is
one based on [12-II] and [22]. The least complex multiplier is
the one based on [21]. The inefficiency of using general
moduli as in [14] is clear. Its RC and RAUs have the longest
delays and the highest complexities.

8. COMPARING ALL SETS TOGETHER
In our previous paper [23], we have presented a
detailed comparison between different moduli sets based on
(delay × complexity) ratio for each component according to
three precise DRs (12 bit, 24 bit and 60 bit). In this paper, we
compared different moduli sets based on the delay of each
component. Thus, we can study how the moduli number
affects timing performance of the overall system. Moreover, in
our previous paper [23], the little differences in the DRs were
ignored, e.g. 3n, 3n – 1 and 3n + 1 were considered as one
category (3n). For example, for DR = 12 bit, the accurate DRs
of [4], [5] and [6] for n = 4 are 12, 11 and 13 bits,
respectively. This presents some inconsistency during the
comparison. Therefore, in this paper, for enhancing and
comparing in a more fairly way we have taken into account
these little differences and computed the approximated delays
for each set. However, this did not change the results neither
affect the estimated most efficient and inefficient sets for each
DR. The main concentration during the comparisons was
timing performance.
The delays of the RCs, modular adders and modular
multipliers for each of the three precise DRs, (12-bit, 24-bit
and 60-bit) are shown in Fig. 3, 4 and 5, respectively.

4-moduli sets

5-moduli set

Fig. 3: The delays of each of the basic components based on the moduli sets for DR = 12 bit (medium DR)
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3-moduli sets

4-moduli sets

5-moduli set

Fig. 4: The delays of each of the basic components based on the moduli sets for DR = 24 bit (large DR)

In each set, n has been chosen in order to provide the
required DR. For example, for DR = 12-bit, n was (4, 3, 3, 2)
for sets with DR (3n, 4n, 5n, 6n). However, in some cases
there was some inconsistency (e.g. for sets with DR = 5n,
n = 3 provides a DR greater than the required 12-bit).
Nevertheless, as aforementioned before, we have dealt with
this issue and estimated the approximate delay for the required
DR.
Not all sets are illustrated in the graphs, due to the
reason that some of these sets can only be used with even
values of n ([9], [10-I], [20], [15] and [16]) or odd values of n
([10-II] and [13]), which does not fit the chosen value of n in
order to acquire the required DR.
Figure 3 shows the delays of the RCs, modular
adders and modular multipliers based on each of the sets [4],
[5], [6], [7], [8], [10-II], [11], [12-I], [14], [12-II], [21], [22]
and [13], for DR = 12-bit (medium DR). In order to acquire
this DR, n was chosen (4, 3, 3, 2) for sets with DR (3n, 4n, 5n,
6n), respectively. The inconsistencies were dealt with as
mentioned above. According to Fig. 3, the adder with least
delay was the one based on the five-moduli set [13]. However,
the unexpected thing was that the second fastest adder is the
one based on the three-moduli set [5]. The fastest multipliers
were the ones based on the three-moduli set [5] and fourmoduli set [22]. Whereas, the slowest ones were based on the
three-moduli set [8] and the four-moduli set [14]. Concerning
the RCs, the fastest one is [6] and the slowest one is based on
the four-moduli set [10-II]. Considering the delay of the three
components, it is obvious that the three-moduli set [6] and the
four-moduli set [22] are the most efficient, since the

3-moduli sets

components based on these sets have relatively small delays.
Thus, for DR = 12 bit, we see that the number of moduli does
not affect the overall speed of the system.
Figure 4 shows the delays of the RCs, modular
adders and multipliers based on each of the sets [4], [5], [6],
[7], [8], [10-I], [20], [11], [12-I], [14], [12-II], [21], [22] and
[13], for DR = 24-bit (large DR). In order to acquire this DR,
n was chosen (8, 6, 5, 4) for sets with DR (3n, 4n, 5n, 6n),
respectively. The inconsistencies were dealt with as mentioned
above. Figure 4 shows that the delay trends of the basic
components are similar to those in DR = 12 bit. The fastest
adder is the one based on the five-moduli set [13]. The fourmoduli set [10-I] has the fastest multiplier and one of the best
adders. However, its RC is the worst. The fastest RC is the
one based on the three-moduli set [6]. Considering the delay
of the three components, we can say that the most efficient
moduli sets for this DR = 24-bit are the three-moduli sets [4]
and [6], and the four-moduli sets [12-II] and [22], since the
components based on these sets have relatively small delays.
Figure 5 shows the delays of the RCs, modular
adders and multipliers based on each of the sets [4], [5], [6],
[7], [8], [10-II], [9], [11], [12-I], [14], [12-II], [21], [22], [15]
and [16], for DR = 60-bit (very large DR). In order to acquire
this DR, n was chosen (20, 15, 12, 10) for sets with DR (3n,
4n, 5n, 6n), respectively. The inconsistencies were dealt with
as mentioned above. Figure 5 shows that the fastest adder and
multiplier are the ones based on the five-moduli set [15].
However, their RC is the slowest one. The fastest RC is the
one based on the three-moduli set [6]. This set also has
reasonably fast adder and multiplier.

4-moduli sets

5-moduli set

Fig. 5: The delays of each of the basic components based on the moduli sets for DR = 60 bit (very large DR)
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Considering the delay of the three components, we
can say that the most efficient moduli sets for this DR = 60-bit
are the three-moduli sets [4] and [6], and the four-moduli sets
[12-II] and [22], as the components based on these sets have
relatively small delays.
Since the most competent sets are not the five-moduli
ones for all three DRs, we conclude that the number of moduli
does not affect on the overall delay of the system considering
all its components. There is no point for choosing a fivemoduli set if the overall timing performance will be worse
than that based on three or four-moduli sets.
In our previous paper [23], the most efficient sets for
medium and large DRs, in terms of (time × complexity) ratio,
were the three moduli sets [5] and [6]. In this paper, we found
out that the most efficient sets for the same DRs, in terms of
delay, are the three moduli set [4], [6] and the four-moduli set
[12-II] and [22]. Again, in [23], the most competent set with
the relatively best (D × C) ratios for very large DR was the
four moduli set [12-II]. In this paper, the most efficient sets
for the same DR are the three-moduli sets [4], [6], and the four
moduli sets [12-II] and [22].
Another important issue to consider is that fivemoduli sets show better timing performance in medium and
large DRs than that in very large DR. Although their RAUs
were of the best ones for the very large DR, their RCs were
the worst.
According to our research, the unexpected issue we
have ascertained is that five-moduli sets do not show any
superiority over other sets taking into account the three
components of RNS (modular adders, modular multipliers and
RCs).
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